A new analytical, independent-particle model potential with four shell-independent parameters is proposed, which is suitable for high, medium, and low Z atoms. The four parameters are determined for 101 atoms from Li to Lr by fitting the results of the X method found in the literature. The average fitting error 0.675% of the new potential for the 101 atoms is far better than 3.92% of the widely used Green's potential. The radial Schrödinger equation with the new potential is solved by using Numerov's numerical method for 7 typical atoms: Ne, Ca, Zn, Zr, Sn, Yb, and Th. The energy eigenvalues, radial wave functions, and atomic ground-state energy are in good agreement with the results of the X method. The new potential here shows greater flexibility and better accuracy compared with the Green's potential.
Introduction
For the calculations of atomic energy and the electronic structure of atoms, self-consistent-field calculation is the main method, including the Hartree-Fock (HF), Hartree-Fock-Slater (HFS), X method, screened hydrogenic model, etc. The HF method, proposed in the 1930's [1, 2] , is a good approximation to the atomic and molecular problem. The computational complexity of the HF method increases when the exchange effects of elec-trons were considered. In the HFS method, Slater [3, 4] solved this problem by introducing a local exchange potential. With this approximation, the HF method was simplified. The X method [5] was proposed in the 1960's and based on the HFS method, replacing the local exchange potential V ( ) in HFS with αV ( ), where α is a numerical parameter. In order to obtain the best results, the value of α can vary between 1 and 2/3. The optimum value of α is obtained through the variational principle or the virial theorem. Due to its computational simplicity and validity, the X method has been widely used [6] [7] [8] . In some cases, the X method is definitely superior to the Hartree-Fock method [9] .
In the spirit of the independent-particle model, Sharp and Horton [10] proposed the optimized effective potential (OEP) method as a variation on Slater's method [4] . In the OEP method an additional constraint is imposed on the variational problem: the orbitals must satisfy a single-particle equation with a certain local potential that is the same for all the electrons. The OEP was reformulated [11] and implemented [12, 13] by numerically solving the integral equation (NOEP). An alternative methodology for solving the OEP equations was proposed elsewhere [14] [15] [16] [17] based on an analytical parameterization of the potential (POEP).
Analytical local potentials for modeling the electronelectron interaction in an atom reduce significantly the computational effort in electronic structure calculations. The development of these potentials has a long history. With these local potentials, single-particle Schrödinger equations for the determination of orbitals are easily solvable. Analytical potentials, which depend only on one electronic coordinate, lead to homogeneous equations that are by construction not of the self-consistent-field type and, thus, need not be evaluated iteratively. In 1969 Green et al. [18] presented a very successful analytical independent-particle model (IPM) potential with a simple analytical form. It has been widely used for the calculation of electron-atom and atom-ion scattering [19, 20] , electron impact excitation and ionization [21] [22] [23] , oscillator strengths [21] , antiproton-atomic collisions [24] , and electron-capture processed [25, 26] .
However, for neutral atoms, though the parameters of Green's potential are obtained by fitting the HF eigenvalues, there are obvious differences between Green's eigenvalues and HF eigenvalues, especially for outershell electrons. Meanwhile, this fitting procedure usually leads to a reduction of the accuracy of potentials. Further analysis shows that there are considerable differences between Green's potentials and X potentials, which increase with atomic radius. Neugebauer et al. [27, 28] explored a shell-dependent parameterization of Green's potential. The results show that shell-dependent, analytical IPM potentials could improve orbital and energy expectation values. However, the shell-dependent analytical potentials contain a large number of fitting parameters, so that it is inconvenient to extension and applications. Thus the development of analytical model potentials with high precision and accuracy is highly desirable.
In this work, we propose a new analytical IPM potential function that contains four shell-independent parameters, so that the computational procedure is simplified. The parameters for 101 neutral atoms with atomic numbers Z =3-103 are determined by fitting the results of the X method. The results show that the new potential is superior to Green's potential. By using Numerov's method, 2. Analytical independent-particle model potential
The Green's potential
In the IPM approximation, the radial Schrödinger equation for one-electron orbitals of angular momentum and principal quantum number is
where is the radial variable, E are the energy eigenvalues, and V ( ) is a central atomic potential, due to the Z units of nuclear charge and the average effect of the remaining core electrons. The central potential V ( ) has the form
where U ( ) is the electrostatic potential, and V ( ) is the exchange potential. The analytical IPM potential proposed by Green et al. in 1969 [18] is as follows:
where Z is the number of nuclear charges, is the radial variable, and H and are adjustable parameters, determined by fitting the HF eigenvalues. For neutral atoms, it was found that H can be expressed as the following form [18] 
where is adjusted for each element and the parameter α=1.05 for HFS and 1.00 for HF models, respectively.
The new potential
Although Green's potential gives good results for most atoms, and is widely used in atomic calculations, its prominent shortcoming was discussed previously. Therefore, we propose a new potential for neutral atoms, with the form
where Z is the atomic number, is radius, and δ, α 1 , α 2 , and α 3 are adjustable parameters. The correct asymptotic behaviors at short-and long-ranges are simultaneously satisfied by
Since the X method can give fairly good results for the atomic structure and the central potential, as discussed previously, we determine the four parameters by fitting the numerical results of the X method. In order to demonstrate the accuracy and applicability of the new potential, we make calculations for neutral atoms from Z =3 to Z =103. The results are compared with the Green's potential. The values of the four parameters and the average relative deviations ∆ N % between the new potential and the X potential are listed in Tab. 1. The average relative deviations ∆ G % between the Green's potential and the X potential are also listed for comparison. The results of the new potential are in good agreement with that of the X potential. The maximum error ∆ N is 1.2574% for Ge, the minimum error ∆ N is 0.2346% for C, and the average error ∆ N is 0.6751% for atoms with 3 Z 103. In contrast, the maximum error ∆ G for Green's potential is 8.8849% for Li, the minimum error ∆ G is 2.2061% for Bi, and the average error ∆ G is 3.9194% for atoms with 3 Z 103. For all atoms, we have ∆ N < ∆ G . The introduction of the adjustable parameter δ in the new potential has a large impact on the fitting precision. The results of the new potential have been shown to be superior to the Green's potential. 
is the total number of data points. Results of Hatree-Fock method were taken from Ref [18] . Results of parametrized optimized effective potential method were Results of Hatree-Fock-Slater method were taken from Ref [18] .
taken from Ref [17] . Results of Green's IPM potential method were taken from Ref [18] .
Results of X method were taken from Ref [8] .
Simultaneously, we notice that the errors of the Green's potential are relatively large for atoms with Z < 30, while our new potential is suitable for high, medium, and low Z atoms.
Furthermore, a detailed comparison between the new potential function and Green's potential function has been made. The absolute values of the product of the radius and the potential | V ( )| for neutral atoms with Z =4, 10, 20, and 30 are shown in Fig. 1 . The relative deviations η between the two kinds of IPM potentials and the X potential for neutral atoms with Z =4, 10, 20, and 30 are plotted in Fig. 2 ; the ones with Z =40, 50, 70, and 90 are plotted in Fig. 3 . As can be seen from Figs. 1-3 , in all cases, the relative deviations between the Green's potential and the X potential η G increase with atomic radius. They are larger than the relative deviations between the new potential and the X potential η N . The curves of our new potential are almost in complete agreement with the X potential, the values of relative deviations η N merely oscillating near 0.
Energy eigenvalues and radial wave functions
In order to test the accuracy of the results obtained with the new potential, we will discuss energy eigenvalues and radial wave functions obtained with our new potential. Numerov's method [29] [30] [31] is an implicit method for approximating the solution of the second order differential equation of the form Eq. (1) . In order to demonstrate the accuracy of our new potential further, the new form of potential function is used in solving the radial Schrödinger equation by Numerov's method. The energy eigenvalues, the radial wave functions, and the atomic ground-state energy are obtained numerically. In contrast, the energy eigenvalues obtained with our new potential agree well with the results of the X method and the POEP method. The accuracy of energy eigenvalues of outer shell electrons are improved greatly. For 6s, 6p, and 6d shells of the Th atom, the relative deviations of energy eigenvalues between our model and the X method are 0.74%, 1.18%, and 0, respectively. For all calculated electronic shells listed in Tab. 2, the average relative deviation of energy eigenvalues between our model and the X method is 1.11%. Our eigenvalues are close to the X energy eigenvalues, because the parameters of our new potential are fixed by fitting the X potential. It is notable that X energy eigenvalues are found to be appreciably different from the eigenvalues of the HF method, the differences increasing from the outer to inner shells of the atom. The phenomenon was explained by Slater and exact HF energies were taken from Ref [33] . X energies were taken from Ref [8] .
Wood [32] . The point is that the relation between the energy eigenvalues and the total energy in the X method is different from that in the HF method. In other words, the differences between energy eigenvalues arise from the different approaches used to introduce the self-energy (and exchange) corrections. This is the reason that our energy eigenvalues agree well with the results of the X and the PEOP methods, but differ from the results of Green' model and the HF method. However, these differences do not influence the calculation of the atomic ground-state energy of atoms.
Once the energy eigenvalues and the radial wave functions are solved by Numerov's method, the atomic ground state energy E can be calculated through Eq. (8) [17] :
where λ and µ represent different electronic states, and I, J, and K are the usual single-particle, direct, and exchange terms calculated from the eigenfunctions of the effective central potential. In the process of numerical calculations, the widely used sixth-order Newton-Cotes numerical quadrature is applied [8, 34] . The value of integration step decreases twice as fast as because the eigenfunctions change dramatically at small radii. In our calculations, the value of we selected is small enough to get convergent results. Tab. 3 gives the atomic groundstate energy for atoms with Z=10, 20, 30, 40, 50, 70, and 90. The accuracy of the atomic ground-state energy is comparable for the X method and the new model potential. The differences of the atomic ground-state energy between our model and the HF method are small.
Conclusion
This work proposes a new four-parameter IPM potential with a simple form. The parameters are shell-independent and can be obtained easily. The new potential is compared with Green's potential for neutral atoms from Li to Lr. The results show that our new form of potential function gives an accurate central potential for IPM calculations on atomic structure and is better than Green's potential function. For high, medium, and low Z atoms, our potentials, energy eigenvalues, radial wave functions, and atomic ground-state energy agree well with the results of X method. The disadvantages of Green's potential are remedied to a certain extent. These prove the flexibility and accuracy of the new IPM potential. Due to its accuracy, the new form of potential function can be used in self-consistent field calculations, and may be used as an effective potential in OEP methods. In summary, our new potential function is a good IPM potential for atomic structure calculation. Future work may focus on a detailed investigation of relativistic effects in the potential for heavy and super heavy atoms, for which the benefit of the use of a model potential is great.
